In this paper, we discuss dissipation process of the binary mixture gas in the thermally relativistic flow by focusing on the characteristics of the diffusion flux. As an analytical object, we consider the relativistic rarefied-shock layer problem around the triangle prism. Numerical results of the diffusion flux are compared with the Navier-Stokes-Fourier (NSF) order approximation of the diffusion flux, which is calculated using the diffusion and thermal-diffusion coefficients by Kox et al. [Physica A, 84, 1, pp.165-174 (1976)]. In the case of the uniform flow with the small Lorentz contraction, the diffusion flux, which is obtained by calculating the relativistic Boltzmann equation, is roughly approximated by the NSF order approximation inside the shock wave, whereas the diffusion flux in the vicinity of the wall is markedly different from the NSF order approximation. The magnitude of the diffusion flux, which is obtained by calculating the relativistic Boltzmann equation, is similar to that of the NSF order approximation inside the shock wave, unlike the pressure deviator, dynamic pressure and heat flux, even when the Lorentz contraction in the uniform flow becomes large, because the diffusion flux does not depend on the generic Knudsen number from its definition in Eckart's frame. Finally, the author concludes that the accurate diffusion flux must be calculated from the particle four flow, which is formulated using the four velocity distinguished by each species of particles. * yano@k.u-tokyo.ac.jp 2
I. INTRODUCTION
The relativistic hydrodynamics has been a significant issue for understanding of the quark gluon plasma (QGP) [1] in Relativistic Heavy Ion Collider (RHIC) [2] and Large Hadron Collider (LHC) [3] or astrophysical phenomena such as space jet [4] . In particular, dissipation process of the relativistic matter has been discussed in the framework of the relativistic kinetic theory, in which various types of the relativistic hydrodynamic equation have been discussed from the viewpoint of the rational mechanics [5] [6] . The kinetic analyses of dissipation process of the rarefied relativistic flow have been done by calculating the relativistic Boltzmann equation (RBE). For example, Bouras et al. calculated the Riemann problem [7] or the Mach cone in the QGP jet [8] by calculating the RBE, whereas Yano et al. [9] calculated the rarefied shock layer problem by calculating the RBE to investigate two types of relativistic effects, namely, thermally relativistic effect and Lorentz contraction effect, on dissipation process, where thermally relativistic matter is characterized using the thermally relativistic measure χ (χ = mc 2 /kθ: m: mass of a particle, c: speed of light, k: Boltzmann constant, θ: temperature) such as χ ≤ 100. In the author's previous studies [9] [10], the composition of thermally relativistic matter is limited to hard spherical particles with the equal mass and diameter, which never reflect the realistic collisional cross section of the QGP [1] [11] . Numerical results of dissipating terms such as the dynamic pressure and heat flux for the single component gas were compared with analytical results, which are obtained using the Navier-Stokes-Fourier (NSF) or Burnett order approximation [9] [10], where we applied transport coefficients for single component hard spherical particles such as the bulk viscosity, viscosity coefficient and thermal conductivity, which were calculated by Groot et al. [12] or Cercignani and Kremer [13] .
In recent studies of the QGP, the characteristics of the thermally relativistic mixture gas were discussed through the formulation of the viscosity coefficients of binary mixture of partons by Itakura et al. [14] [15] or El et al. [16] . Of course, the most classical formulation of transport coefficients of the thermally relativistic multi-component gas was obtained by
van Leeuwen et al. [17] . In the recent study by Wiranata et al. [18] , they calculated the viscosity coefficient of the thermally relativistic binary mixtures of hard spherical particles on the basis of its classical formulation by van Leeuwen et al. [17] . On the other hand, we know that the diffusion flux is a markedly significant physical quantity from past studies of the nonrelativistic mixture fluids by Onsager [19] , Meixner [20] , Truesdell [21] and Müller-Ruggeri [5] , when we discuss the characteristics of the mixture fluids.
We, however, can not say that we understood the full characteristics of the diffusion flux in the relativistic regime, because the particle four flow [17] [22] was defined using the averaged four velocity over all the species of particles and diffusion flux instead of the four velocity distinguished by each species of particles, so that the diffusion flux was included in the particle four flow of the species "a" as a dissipating term such as the dynamic pressure, pressure deviator and heat flux. Consequently, the diffusion flux was expressed with gradients of the five field variables (the density, flow velocity and temperature) [13] as a result of Chapman-Enskog method [17] or the first Maxwellian iteration of Grad's moment equations [22] . Indeed, the accurate diffusion flux must be calculated from the particle four flow by solving the RBE, which postulates the four velocity distinguished by each species of particles, because the diffusion flux is not a dissipating term, which depends on generic Knudsen number [10] , unlike the dynamic pressure, pressure deviator and heat flux, when we define the diffusion flux using the four velocity distinguished by each species of particles.
Thus, we make it our primary aim to investigate the characteristics of the diffusion flux of the thermally relativistic gas by solving the RBE, numerically. As a supplemental study to attain our aim, we investigate whether the NSF order approximation of the diffusion flux by Kox et al. [23] demonstrates the diffusion flux, which is obtained by solving the RBE, with a good accuracy, when the binary mixture gas is composed of two species of hard spherical particles with equal masses and different diameters. The diffusion flux must be calculated from the RBE using the averaged four velocity, which is defined by four velocities of all the species of particles. As far as the author knows, such an averaged four velocity, which is defined by four velocities of all the species of particles, has not been discussed in the previous studies, explicitly.
As an additional object of this study, we consider effects of diffusive terms in Grad's (Marle's [24] ) 28 moment equations for the binary mixture gas, which is composed of two species of hard spherical particles with equal masses and different diameters, when we express Grad's 28 moment equations with the flow velocity and temperature, which are defined for each species of particles. Finally, differences in Grad's 14 moments between different species of particles are included in the NSF law of the dynamic pressure, pressure deviator and heat flux. The investigation of the characteristics of the diffusion flux and effects of diffusive terms in the NSF law in the thermally relativistic mixture gas attributes to understanding of dissipation process of the thermally relativistic mixture gas.
To investigate the accuracy of the NSF order approximation of the diffusion flux by Kox et al., and effects of diffusive terms in the NSF law, we calculate the thermally relativistic rarefied-shock layer around the triangle prism using the RBE. As a solver of the RBE, we use the direct simulation Monte Carlo (DSMC) method [25] [9] . The shock layer problem is suitable to investigate the characteristics of dissipating terms such as the diffusion flux, dynamic pressure, pressure deviator, and heat flux [9] , because it includes the thermally nonequilibrium regime such as the steady shock wave and thermal boundary layer, in which dissipating terms are expected to be nonzero values.
This paper is organized as follows. In Sec. II, we calculate Grad's 28 moment equations for the binary mixture gas (species A and B) to understand diffusive terms in the NSF law, and define the NSF law for the dynamic pressure, pressure deviator and heat flux by taking the first Maxwellian iteration of Grad's 28 moment equations and neglecting all the diffusive terms in the NSF law, when masses of two species of hard spherical particles are equal. Next, we review the NSF law for the diffusion flux by Kox et al. The NSF law defined in Sec. II is necessary to calculate NSF order approximations of the diffusion flux, dynamic pressure, pressure deviator and heat flux in Sec. III using numerical datum of five field variables [13] .
In Sec. III, we calculate the thermally relativistic rarefied-shock layer, which is constituted of the binary mixture gas, by solving the RBE. Numerical results of dissipating terms such as the diffusion flux, dynamic pressure, pressure deviator and heat flux, are compared with their analytical results (NSF order approximations), which are calculated using transport coefficients defined in Sec II. Additionally, we mention to effects of the mass ratio in the binary mixture gas on dissipation process, briefly. Finally, we make concluding remarks in Sec. IV.
II. RBE FOR MIXTURE GAS AND NSF ORDER APPROXIMATIONS
A. RBE for mixture gas, balance equations and definition of diffusion flux
Firstly, the RBE for the mixture gas is written as
where subscripts "a" and "b" correspond to the species of particles, respectively, p 
is the distribution function of the species a (b). σ ab is the differential cross section between species "a" and "b". In Eq. (1), 
Substituting ψ (p a ) = c, cp 
N α a is the particle four flow of the species "a" and T αβ a is the energy-momentum tensor of the species "a". From the symmetry between species "a" and "b" in Eq. (2), we readily obtain a Pa
From the mass and momentum-energy conservation, namely, p α a
, we obtain following relation by substituting ψ = c, cp 
In Eckart's frame [26] , N α a is written as
where n a is the number density of the species "a", U α a ≡ γ (u a ) (c, u i a ) is the four velocity of the species "a" (u i a : flow velocity of the species "a"), J α a is the diffusion flux of the species "a", andŪ α is the averaged four-velocity over all the species. In our discussion, we consider projected moments in Eckart's frames, which are defined for each species, respectively.
Meanwhile, readers remind that previous studies [23] [22] used the common Eckart's frame for all the species using not U α a butŪ α , where J α a was regarded as a dissipating term, which is formulated using the five field variables as well as the dynamic pressure, pressure deviator and heat flux. In later numerical analyses of the RBE on the basis of the DSMC method,
a for the species "a", from which J α a is calculated usinḡ U α . Therefore, we must defineŪ α using U Summing over all the species in both sides of Eq. (10), we obtain a n a U α a = a n aŪ α = nŪ α ,
where n = a n a and a J a = 0 are used.
From Eq. (11), the averaged flow velocity (ū i ) and four-velocity are obtained using the relation nŪ 0 = a n a U 0 a in Eq. (11), as follows
In later numerical analyses of the RBE on the basis of the DSMC method, we can also use the simple relationŪ 
where θ a is the temperature of the species "a", Π a is the dynamic pressure of the species "a", q α a is the heat flux of the species "a", Π a αβ is the pressure deviator of the species "a", f
is the Maxwell-Jüttner function of the species "a" [13] , in which K n is the n-th order modified Bessel function of the second kind, χ a = m a c 2 / (kθ a ), and p a = n a kθ a is the static pressure of the species "a". 
where [22] . In this paper, we will not try to complete the calculation of Ψ of the species "a") are assumed. Firstly, we calculate Grad's 28 moment equations for the binary mixture gas using Eq. (14) in Eckart's frame [26] , from which we calculate the NSF law by taking the first Maxwellian iteration [22] . In Eckart's frame, N 
where
In Eq. (17), e a is the energy density of the species "a". (5) and (16)- (18), we obtain moment equations of Π a , Π by both sides of Eq. (5) and neglecting nonlinear terms as
where A αβ is the traceless tensor and D ≡ U (19)- (21), because diffusive effects never emerge in binary collision between two hard spherical particles, which belong to same species.
Multiplying ∆ α β or U aβ by both sides of Eq. (4) with Eq. (17), we obtain following relations by neglecting nonlinear terms
is the enthalpy density.
From Eq. (3), we readily obtain following relation using Eq. (16)
Substituting Eqs. (22)- (24) into Eqs. (19) and (21), we can rewrite Eqs. (19) and (21) as
αβ a and q α a
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The first Maxwellian iteration of Eqs. (20), (25) and (26) (20), (25) and (26), when we assume that
, and
where η a (bulk viscosity), µ a (viscosity coefficient) and λ a (thermal conductivity) are written as
where 
[27], and L a , M [28] for N α a ), whereas the NSF law for the relativistic binary mixture gas is obtained using Israel-Stewart particles, when u a = u b =ū, θ a = θ b =θ, and m a ≃ m b [22] . Provided that 
In other words, Eqs. (27)- (29) are reduced to
[q
The other is that B ab , C ab and D ab in Eqs. (30)- (32) are obtained by replacing n a , χ a and d a in B aa , C aa and D aa [13] with n b , χ ab (θ ab ) and d ab as follows:
III.
Finally, we remind that Eqs. (36)-(38) correspond to markedly simplified NSF law, because we neglected all the diffusive terms in the NSF law. As mentioned in appendix A, the NSF law of the species "a" depends on gradients of five field variables of other species.
Meanwhile, we can confirm effects via diffusive terms in the NSF law, when the NSF law in Eqs. (36)-(38) for the binary mixture gas with equal masses approximates dissipating terms with worse accuracies than the NSF law for the single component gas does, because such a worse approximation by the NSF law in Eqs. (36)- (38) is caused by neglect of the diffusive terms in the NSF law in Eqs. (36)-(38). Actually, later numerical result confirms C NSF order approximation of diffusion flux for binary mixture gas with equal masses [23] 12
that the Fourier law in Eq. (38) for the binary mixture gas with equal masses approximates q α a (a = A, B) with worse accuracies than the NSF law for the single component gas does.
C. NSF order approximation of diffusion flux for binary mixture gas with equal masses [23] We mention to the diffusion and thermal diffusion coefficients for the binary mixture gas with equal masses, which were calculated by Kox et al. [23] . Therefore, the author recommends readers to follow the mathematical procedures to calculate the diffusion and thermal diffusion coefficients in their original paper [23] .
Setting m a = m b = m in the binary mixture gas (species "a" and "b"), the diffusion and thermal-diffusion coefficients were calculated by Kox et al. [23] using the approximation on the basis of Laguerre polynomials as
,
where we assume that χ is calculated by the energy conservation, namely, n a e a + n b e b = (n a + n b ) e, even when U
) is the averaged energy density.
Finally, the diffusion flux (J α ab ) between species "a" and "b" is obtained as α via binary collisions between species "a" and "b").
III. NUMERICAL ANALYSIS OF RAREFIED SHOCK LAYER OF BINARY MIXTURE GAS
In this section, we investigate the characteristics of dissipation process of the thermally relativistic flow of the binary mixture gas, which is composed of two species of hard spherical particles with equal masses and different diameters, numerically. As an object of the numerical analysis, we investigate the rarefied shock layer around the triangle prism, as shown in Fig. 1 , because such a problem has been discussed in our previous studies [9] respectively. In Test (I), the wall temperature is set as χ w = mc 2 / (kθ w ) = 30. In Test (II), the wall temperature is set as χ w = 0.8. Figure 2 shows profiles of the number density, flow velocity and temperature along the SSL in
Test (I) (upper frame) and Test (II) (lower frame). The shock wave separation [29] between
two species is confirmed in profiles of the number density, velocity and temperature in both Tests (I) and (II), as shown in both frames of Fig. 2 . Additionally, the thickness of the shock wave, which is obtained for the species A, is thicker than that for the species B in both Tests (I) and (II), because the mean free path of the species A is longer than that of the species B. Meanwhile, marked differences betweenñ A andñ B , orũ x A andũ x A are confirmed in the thermal boundary layer behind the shock wave, namely, −X/L ≤ 1.7 in Test (II).
As a result, species A and B are under the nonequilibrium state in the thermal boundary layer in Test (II), whereas we conjecture that species A and B are similar to the equilibrium state in the thermal boundary layer (−X/L ≤ 2.5) in Test (I). Thus, the increase of the Lorentz contraction in the uniform flow yields the increase of the nonequilibrium in the thermal boundary layer. Such an increase of the nonequilibrium in the thermal boundary layer in accordance with the increase of the Lorentz contraction in the uniform flow was surely confirmed in our previous study of the single component gas [10] , whereas the present study indicates that the nonequilibrium between two species also increases via the increase of the Lorentz contraction in the uniform flow [30]. 
whereθ is calculated using the relation n A e A + n B e B = ne, although the flow velocity of the species A is different from that of the species B.
In Test ( , whereas J x AB 2 never decreases toward the wall
In summary, the profile of the diffusion flux is roughly approximated using the NSF order approximation inside the shock wave in Test (I), as shown in the upper frame of Fig. 3, when the Lorentz contraction in the uniform flow is small. On the other hand, the magnitude of the diffusion flux, which is obtained using the DSMC method, is similar to that obtained using the NSF order approximation inside the shock wave in Test (II), when the Lorentz contraction in the uniform flow is large, as shown in the lower frame of Fig. 3 . In other words, the magnitude of the diffusion flux is not sensitive to nonequilibrium terms beyond the NSF order approximation inside the shock wave, when the Lorenz contraction is large.
The magnitude of the diffusion flux in the vicinity of the wall is, however, markedly larger than that obtained the NSF order approximation in Test (II), as shown in the lower frame of Fig. 3 . In other words, the magnitude of the diffusion flux is sensitive to nonequilibrium terms beyond the NSF order approximation in the vicinity of the wall, although effects In above discussion on the diffusion flux, we postulated that the diffusion flux can be approximated using Chapman-Enskog approximation [32] [33], which also has been applied to the nonrelativistic mixture gas. On the other hand, we know that the diffusion flux does not depend on the generic Knudsen number [10] from Eq. (13). As discussed in Sec. II-(C), the diffusion flux depends on the difference betweenŨ
. Then, we define the approximate diffusive fluxJ 
, as shown in upper frames of Figs. 5-7. In our previous study [10] , Π for the single component gas can be approximated more accurately using its Burnett order approximation, whereas the calculation of Burnett order approximation of Π i is beyond our scope of this paper. Finally, we must refer to comparisons of profiles of heat fluxes in Test (I) with that for the single component gas, which was obtained usingm A =m B = 1 and χ ∞ = 45 (see the left frame of Fig. 2 in Ref. Our previous studies [10] described that such marked differences are caused by the marked increase of the generic Knudsen number [10] owing to the marked increase of the Lorentz contraction. Consequently, terms beyond Burnett order terms are significant, when the flow velocity of the uniform flow approximates to the speed of light. As mentioned above, the nonequilibrium between species A and B appears in the thermal boundary layer in Test (II), as shown in the lower frame of Fig. 2 , whereas the nonequilibrium between species A and B seems to disappear behind the shock wave in Test (I), as shown in the upper frame of Fig. 2. Figure 8 shows distribution functions, Test (II) 
IV. CONCLUDING REMARKS
In this paper, we investigated dissipation process of the thermally relativistic binary mixture gas, which is composed of hard spherical particles. In particular, we investigated the characteristics of the diffusion flux for the thermally relativistic binary mixture gas by solving the RBE, numerically. We used the diffusion and thermal-diffusion coefficients calculated by Kox et al. to calculate the NSF order approximation of the diffusion flux.
As an object of the numerical analysis, the thermally relativistic rarefied-shock layer of the binary mixture gas around the triangle prism was investigated by solving the RBE on the basis of the DSMC method. In the profile of the diffusion flux along the SSL, heat flux inside the shock wave, which are obtained using the DSMC method, are markedly larger than those approximated using the NSF law, because the generic Knudsen number becomes large. Then, we formulated the approximate diffusion flux (J x a ) using the product of the difference between four velocities of two species of hard spherical particles with a half of averaged number density.J x a is markedly similar to the diffusion flux, which is obtained using the DSMC method, when the local Lorentz contraction is not so large. Such a similarity confirms that the diffusion flux is surely independent of the generic Knudsen number from its definition. The nonequilibrium between two species of hard spherical particles remains behind the shock wave, when the Lorentz contraction in the uniform flow is large, whereas the nonequilibrium between two species of hard spherical particles disappears behind the shock wave, when the Lorentz contraction in the uniform flow is small. Such a remained nonequilibrium state in the vicinity of the wall yields differences between flow velocities of two species of hard spherical particles, which yields the diffusion flux, whose magnitude is markedly larger than the magnitude of the NSF order approximation, when the Lorentz contraction in the uniform flow is large. Thus, we consider that the relaxation process of the nonequilibrium state between two species strongly depends on the local Lorentz contraction together with the local temperature. Finally, we numerically investigated effects of the mass ratio between two species on dissipation process.J x a is still markedly similar to the diffusion flux, which is obtained using the DSMC method, even when the mass ratio of two species of hard spherical particles is changed. The decrease of the mass ratio emphasizes the overshoot of the temperature of the heavier hard spherical particles, whereas the peak absolute value of the diffusion flux inside the shock wave increases in accordance with the decrease of the mass ratio. Such an overshoot of the temperature of the heavier hard spherical particles is explained by the increase of the shock wave separation in accordance with the decrease of the mass ratio, which leads to the increase of the magnitude of the diffusion flux inside the shock wave. In summary, the diffusion flux must be calculated from the particle four flow, which is formulated using the four velocity distinguished by each species of particles, although we need not consider the diffusion flux, when Grad's moment equations are formulated using the four velocity distinguished by each species of particles. Finally, numerical results confirm that the Fourier law for the binary mixture gas, which neglects all the diffusive terms, approximates heat fluxes with worse accuracies than the Fourier law for the single component gas does, owing to neglect of all the diffusive terms. 
where X ℓ,a (ℓ = 1, 2, 3, 4, 5, 6) are dissipation rates, and F a and G a are expressed using five field variables [22] . (25) and (26), when we take the first Maxwellian iteration of Eqs. (20) , (25) and (26) . Here, we remind that diffusive terms of in Π a , Π (25) and (26) , as discussed in Ref. [27] .
